ABSTRACT: Dispersion engineering is among the most important steps towards a promising optical frequency comb. We propose a new and general approach to trim frequency combs using 2 a self-adaptive boundary of the optical mode at different wavelengths in a sub-wavelength structured waveguide. The feasibility of ultra-wide bandwidth dispersion engineering comes from the fact that light at different wavelengths automatically self-adapts to slightly different effective spatial spans determined by the effective indices of the mode. Using this self-adaptive variation on the confinement, we open up the window of low-anomalous dispersion in a large wavelength range, and theoretically demonstrate frequency combs with improved bandwidths with respect to the state-of-art in several different waveguide configurations considered, for a matter of illustration, in the silicon photonic platform. This strategy opens up a new design space for trimming the spectrum of frequency combs using high-index-contrast platforms and provides benefit to various versatile nonlinear applications in which the manipulation of energy spacing and phase matching are pivotal.
Introduction
Nonlinear processes have raised a great interest due to their unique capabilities for on-chip light generation and spectral/time domains manipulation, with an immense potential for the implementation of light sources in silicon photonics [1] [2] [3] [4] based on optical parametric amplification and supercontinuum and frequency comb effects based on 3 rd nonlinear Kerr effect [5] [6] [7] [8] [9] . As an emerging research topic that has strong potential in achieving on-chip broadband light sources, frequency comb generation based on nonlinear Kerr effect (i.e. cascaded four-wave mixing) has recently drawn significant attention [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Consisting in discrete and equally spaced frequency lines spectra, Kerr frequency combs strongly request the precise control of the dispersion and nonlinearity, gain and loss on optical waveguides [20] , especially when temporal patterns with few solitons are expected.
Controlling the dispersion of optical waveguides is a very important preliminary step for the exploitation of Kerr frequency combs, for which great effort was devoted to compensate both the intrinsic material and the nonlinearity-induced dispersions in order to satisfy the energy and momentum conservation conditions. To balance the nonlinearities-induced phase mismatch, overall anomalous dispersion is generally expected [10, 11, 20] , which can be supported directly from the materials (e.g. silica at telecom wavelengths) or induced by the waveguide dispersion with well-designed waveguide cross-sections. As a result, toroidal-shape cavities using silica [10] or MgF 2 [12, 13] are frequently used for frequency comb generation due to the high Q factor of up to few millions and low dispersion of these structures. Another classical material platform used for frequency comb demonstrations is silicon nitride (SiN). Due to the high quality factor of ~ million and a much higher nonlinear index (SiN: 2 ≈ 2.4 × 10 −19 2 / , MgF 2 : 2 ≈ 1.5 × 10 −20 2 / ), high-performance frequency combs could be achieved on chip [15] [16] [17] [18] and even integrated with commercial III-V integrated lasers [19] . Though silicon nitride presents normal material dispersion at around ~1.5 wavelength, its high enough index contrast with SiO 2 allows it to generate small anomalous dispersion to compensate nonlinear-induced phase mismatch.
However, achieving broadband phase-matching in simple-to-fabricate and fabrication-tolerant silicon waveguides remains an open question, since the ultra-high index contrast between Si and SiO 2 leads to a rapid evolution of the dispersion curves [21, 22] . Broadband phase-matching has been shown based on optimization of high order diffraction terms, e.g. 4th order dispersive waveguides [15, 23] , or by implementing rib geometries [24] . Yet, the proposed solutions require complex fabrication processes, with deposition of different materials, or tight control of rib and slab thicknesses. A flexible method to flatten silicon waveguide dispersion for frequency comb generation is thus highly expected. A strong interest is thus to explore how the dispersion shape can influence the comb bandwidth as well as other properties of the comb spectrum, especially in situations when a target wavelength operation is provided in advance.
We propose here a universal method to trim the dispersion of strong index contrast waveguides using a self-adaptive boundary condition (defined hereafter) in order to significantly extend the bandwidth of comb spectra. The needed self-adaptive boundary was originally introduced in our another article [25] for multimode optical waveguides, where equivalent potential wells [26] [27] [28] in the waveguide transverse direction were achieved by speciallydesigned lateral index profiles, providing room for light modes to automatically self-adapt to slightly different effective spatial spans. We explore here the properties of such guides in single mode operation and demonstrate that they have very interesting properties for dispersion engineering in a large wavelength range, thus providing new room for trimming the spectra of frequency combs using high-index-contrast platforms. The feasibility of spectrum engineering further enhances optical frequency comb as a strong candidate for novel on-chip silicon light sources [29] , and provides a strong basis for many applications in on-chip spectroscopy or metrology [30] , as well as novel research axes such as time-space-frequency mapping [31] .
Comb bandwidth limited by the dispersion of silicon strip waveguide
The generation of frequency combs using ring microresonators is traditionally done from the configuration shown in figure 1 , for which the overall process of comb generation [12, [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] was systematically discussed in past ten years and briefly recalled here. The propagation of short light pulses in waveguides for nonlinear optics has been extensively described in the literature, starting with fibers [32] and then, for more than 10 years, in the higher contrast index waveguides of integrated photonics, particularly in silicon photonics [20] . In summary, the propagation of pulses with simultaneous formation of an optical frequency comb in a waveguide with effective third order non-linearity can be described by non-linear Schrödinger equation
(NLSE) [36-41, 43 ,47] :
constrained by the boundary condition from ring in/out coupling from a bus waveguide:
, where ( , ) is the pulse amplitude described by the circumferential position and the time variable corresponding to a relative time frame. , and are the group velocity dispersion, Kerr nonlinear parameter and waveguide loss, respectively while 2 , 3 and are the two-photon, three-photon absorption coefficient and effective mode area. is the driven amplitude while ∆ 0 is the phase detuning satifying ∆ 0 = 0 / = 2 − 0 where 0 and are the pump frequency and the closest -order resonant frequency of ring, respectively.
0 is the phase of the driven signal accumulated in the cavity. For convenience, is usually set with zero order by which ∆ 0 = − 0 . Driven wavelength red shifted or blue shifted are described by 0 > 0 and 0 < 0, respectively. It is further developed into a two-time scale approach, in the form of the Lugiato-Lefever equation (LLE) [35] [36] [37] [38] , where a fast time variable describes the pulse field profile in a reference frame moving at the group velocity and spanning in the roundtrip time range, while another one measures the evolution averaged field of the round-trip. i.e:
This approach widely is referred as the mean-field Lugiato-Lefever equation, which can be solved by doing integration or searching the possible roots with the Newton-Rhapson method.
A typical spectrum of an on-chip SiN-based frequency comb [11] is shown in figure 1 (b) in which anomalous dispersion for broadband comb spectrum should be controlled by properly choosing the waveguide cross-section. As for us, our approach started from there, and we developed a code for solving the LLE equation, whose stability and accuracy we first validated in comparison with previous results from the literature [11] . With the dispersion and other parameters (including the micro-ring Q factor, FSR, and the pump power level) from [11] , we successfully reproduced the main results, achieving different single-soliton regimes as the singlesoliton on shown in figure 1 (c) Then, we employed it to specifically explore the behavior of silicon frequency combs and introduce our improvements for addressing several drawbacks of silicon frequency combs related to previous limitations in term of phase-matching bandwidth. To explore silicon frequency comb, we first calculate the dispersion parameter of SOI waveguides with different dimensions, as shown in figure 2. Once the pump wavelength is chosen, the anomalous dispersion ( > 0) can be created by increasing the waveguide height and later be flattened with larger and larger widths. In the meanwhile, the peak position of the parabolic shape dispersion curve is then red shifted. Absolute values and peak positions are controlled by the height and width of the waveguides, and it turns that dispersion curves rapidly change from negative to positive regions due to the high index contrast of SOI waveguides. To obtain a small anomalous dispersion region needed to phase matching purpose, waveguide dimensions need to be very carefully controlled or external materials should be used for dispersion compensation, but these two approaches are neither easy to perform nor fully satisfying [14] . THz corresponding to a ring radius of 50 is chosen to build a moving frame with roundtrip time of 4.35 . Using the mean-field LLE model described above, we achieved a single-soliton silicon frequency comb with intracavity pulse shape shown in figure 3 (c) . Compared to those silicon nitride configuration [11] , the intracavity energy inside silicon is much lower due to the much higher gain factor (from 1 to 30( • ) −1 ), which means that much less power is now required to overwhelm propagation losses. This is also a strong point and original interest of using the silicon platform to achieve frequency combs. However, it can be seen in figure 3 (d) that, due to the much higher waveguide dispersion, the bandwidth of the silicon frequency comb is much worse than the one of silicon nitride.
To summarize the current point of our discussion, it appears that by moving from Si 3 N 4 to SOI waveguides, an advantage (lower pump power) and a drawback (reduced frequency comb spectral width) result simultaneously. Consequently, addressing the problem of the spectral width of µ-combs is an important point, naturally aiming to increase it by using waveguides with a particular chromatic dispersion profile. To understand the bandwidth issue, we come back here to simulation results. In figure 4 (a), the slightly red tuning gives birth to a situation where four-wave mixing (FWM) parametric gain overwhelms the overall loss level. The first primary frequencies generated by degenerate FWM, as in figure 4 (a), are located very closely to the pump line. These primary lines are actually the pre-representation of the comb bandwidth since the following cascaded FWM and mode locking processes all originate from there. A snapshot of the separated sub combs that result from sufficient cascaded FWM mixing processes is shown in figure 4 (b) . Due to the strong dispersion , FWMs are limited to small range according to phase matching, which can be described as: is 27.8mW. In another words, for a pump power that we use (150mW), the phase matching occurs at the frequency lines of 2.8 FSR from pump, which is coincident to what we observe in Figure 3 (a). So very straightforwardly, if we want to move the primary frequency lines to a further place for extending the bandwidth (black arrows in Figure 4 ), a much stronger power, which responds to the square-order growth of FSR number , is needed to compensate the dispersion. This high power is always wasting since it is far overwheled by optical losses and not accesible. On the contrary, it is very significant and interesting to reduce and flatten the dispersion globally while keeping the other parameters fixed ( , etc.).
Silicon frequency comb with engineered dispersion in self-adaptive boundary waveguide
In a step-index waveguide like in figure 5 (a) , all the wavelengths are feeling the same physical boundary. When wavelength is continuously raised to where a big part of the energy is pushed out to the unlimited cladding bulk material, the normal dispersion produced by the left part starts to dominate the total. The dispersion curve of SOI waveguide without material dispersion is presented in Figure 5 (b). The waveguide could be understood like a road in which the volume vehicles is the wavelength. With different vehicles on the same road, a driver makes difference on stepping on the gas (dispersion) unless he/she feels the same compatibility (confinement) on the road. If one wants to travel with same speed, the very simple idea is to diversify the "road" for different "vehicles", which is exactly what the Self-Adaptive Boundary condition (SAB) is made for. With this objective in mind, we have endeavored to explore the use of SAB waveguides [25] , whose dispersion properties intended to be adapted to the problem of µ-combs. Figure 6 shows two types of waveguides with Self-Adaption Boundary condition > , i.e.
continuously graded-index waveguide (Figure 6 a) and discretely graded-index waveguides (Figure 6 c) , in single-mode operation.
The structure of the bi-level graded-index waveguide is shown in the inset of Figure 6 (a).
The period thickness and width are chosen at 150nm, 340nm and 800nm, with a filling factor linearly tapered from center to edge. Dispersion of a strip waveguide and SAB waveguide with ≈ 1.5 and ≈ 2.8 is plotted in figure 6 (b) for comparison. The SAB allow us to trim and expand the dispersion of the "long" wavelength where < . This is because the wave is confined by the index contrast of / and phase integral strongly depends on the index . In contrast, as the short wavelength ( > ) is confined by the effective width of the waveguide where electric field smoothly evolves, the waveguide dispersion does not vary a lot.
In brief, the whole frequency range is separated into two parts with diverse responses and this allows us to globally reconfigure the dispersion by flattening or steepening the dispersion accordingly. Using the step-index graded-index waveguides shown in figure 6 (c), one can even further extend the anomalous dispersion range by locally squeezing a small anomalous dispersion. The bi-level SAB is used for confining separately the "blue" and "red" wavelength.
This idea [25] can practically be translated into a subwavelength structured waveguide [48] [49] [50] [51] as shown in Figure 6 (d). A commercial 340nm SOI platform was chosen to provide sufficient anomalous dispersion in up to 2.2 range, where two-photon absorption can be nearly eliminated. Since the SAB condition can reduce the index contrast and dramatically reduce the anomalous dispersion for wavelengths not confined by the outer boundary, the region between two anomalous peaks are seperated by a normal region using a bi-level SAB waveguide, as shown in Figure 7 (a). In this case, a more appropriate index contrast with filling factor varying from 1 to 0.66 is achieved (dimension of the waveguide is clarified in the inset). The whole wavelength range from 2.25 to 3.25 are now totally flattened. Compared to those classical strip/rib waveguides where the dispersion displays normally a parabolic shape, there is more than one peak existing in the center which totally gives us a new freedom for the dispersion engineering. In addition to the bi-level case, tri-level case could be further use to locally engineer the dispersion, as shown in Figure 7 (a). The small ripple can be eliminated by adjusting the length of each section once the filling factor is determined, as illustrated in figure 7 (b) . In a wide wavelength range, the anomalous dispersion can thus be controlled and limited to very low values. 
CONCLUSION
We demonstrate that due to strong dispersion variations, optical frequency comb based on high index contrast waveguides generally display relative limited bandwidths and we propose a new and general approach to trim and expand frequency comb in such high index contrast optical platforms by using self-adaptive boundary waveguides enabled by sub-wavelength index engineering. As a matter of illustration and prime example, this approach enabled us to flatten the dispersion of silicon (on insulator) waveguides and extend the window of needed lowanomalous dispersion, then theoretically to demonstrate silicon frequency combs with improved bandwidth in several different waveguide configurations, e.g. a 3dB bandwidth of 100nm in the 2.5 wavelength. This new strategy targets to address the dispersion issue in high-indexcontrast platforms and can be used to explore versatile nonlinear applications in which the manipulation of energy spacing and phase matching is of primary significance. We believe that an application of this new quasi-universal approach will have very broad applications in integrated non-linear photonics for the realization of frequency combs, supercontinuum sources, and other non-linear effects applicable to signal processing, metrology and spectroscopy on a chip.
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